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SOLUTION OF BOUNDARY-VALUE PROBLEMS OF 

HEAT CONDUCTION FOR CYLINDRICAL REGIONS 

WITH NONCIRCULAR BOUNDARIES 

D. u Byalik and Yu. I. Solov'ev UDC 536.24 

We employ the principle of superposi t ion to obtain the solution of s ta t ionary  heat-conduct ion 
p rob lems  for  cyl indr ica l  regions with a nonc i rcu la r  boundary. 

We consider  the p rob lem of the s ta t ionary  t empe ra tu r e  dis tr ibut ion in an infinite cyl inder  with a non- 
c i r c u l a r  contour  

p = f (o), (1) 

where p, 0, and z a re  cyl indr ica l  coordinates  (the z axis coincides with the axis of the cylinder).  We as sume  the 
cyl inder  contour to be convex and smooth [the der iva t ive  f'(0) is continuous]. The known surface  t empe ra tu r e  
is constant  along the contour;  along a gene ra to r  of the cyl inder  it v a r i e s  as cos nz. 

Thus ,  we solve the following three--dimensional  boundary-value  p rob lem of the theory of heat conduction: 
Find a function u(p. 0, z) sat isfying Laplace ' s  equation 

Au = 0 (2) 

and the boundary condition 

u!.o=f(0) = cos nz (n = I, 2 . . . .  ). (3) 

To obtain such a solution we use the pr inciple  of superposi t ion (see [1]). in the space of the coordinates  
x, y ,  and z we se lec t  a new sys t em of coordinates  X, Y, and z, which depends on the p a r a m e t e r  2, and is de -  
fined by the expres s ions  

I 
X = x cos  2, + y s in  2`, 

Y = - - x s i n 2 `  § 9cos2`, 

2~---Z. 

(4) 
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In th is  v a r i a b l e  coo rd ina t e  s y s t e m  we obtain a so lu t ion  of the fol lowing t w o - d i m e n s i o n a l  b o u n d a r y - v a l u e  
p r o b l e m :  f ind a funct ion v(X, z),  s a t i s fy ing  the equa t ion  

in t h e  infinite s t r i p  X = +a,  sub jec t  to bounda ry  condi t ions  ana logous  to the condi t ions  (3), n a m e l y ,  

UX=..r-a = COS r /Z.  

(5) 

(6) 

Using the F o u r i e r  me thod ,  we r ead i l y  find that  

v (X, z) = - -  

and,  t ak ing  Eqs .  (4) into accoun t ,  we then have  

chnX 
ch na 

cos nz, (7) 

v(x, y, ~) c h n ( x c o s k + y s i n X )  
= cos nz. (S) 

ch na 

F o r  e v e r y  va lue  of the p a r a m e t e r  ~ this funct ion c o n s t i t u t e s  a so lu t ion  of the t h r ee - -d imens iona l  Lap lace  e q u a -  
t ion (2) in C a r t e s i a n  c o o r d i n a t e s .  Using the s u p e r p o s i t i o n  p r inc ip l e  (see [1]), we s e e k  the so lu t ion  of the p r o b -  
Lem (2), (3) in the  f o r m  of art i n t e g r a l ,  wi th  r e s p e c t  to the p a r a m e t e r  ~, of the so lu t ion  (7) of the t w o - d i m e n -  
s iona l  p r o b l e m :  

2 g  

u(x, y, z )=cosnz  ~ ~(~.)v(x, y, )~)d~, (9) 
0 

o r  

2~  

u (x, y, z) -- cos nz {~ ap (;~) ch n (x cos ;Z -t- y sin ;q dL 
ch na J 

0 

0-0) 

It  is r e ad i l y  s e e n  that  the e x p r e s s i o n  (10) s a t i s f i e s  Eq. (2). In o r d e r  to s a t i s fy  the boundary  condi t ion (3) we 
r e w r i t e  Eq. (10) in c y l i n d r i c a l  c o o r d i n a t e s :  

2~ 

u (p, 0, z) = cos nz .f ~ ()') ch [np cos (~ - -  0)l d~. 0-1) 
0 

[the unknown funct ion r in this e x p r e s s i o n  is c o s h n a  t i m e s  l e s s  than the r in Eq. (10)]. 
(11) into Eq.  (3), we obtain a F r e d h o l m  in t eg ra l  equa t ion  of the f i r s t  kind in the unknown function;  thus ,  

2 ~  

.f ch [nf (0) cos (~,-- 0)l ~ ()~) dL = 1. 0-2) 
0 

We e m p l o y  n u m e r i c a l  me thods  to  find the funct ion J (Z) [2]. We pu t  

K (0, ~) = ch [nf (0) cos ()~ - -  0)l = ~ a,s cos r0 cos s~,, 
r ,  s~O 

0-3) 

l = ~brcosrO,  r ~ c r c o s r L  
r=O r=O 

Substituting Eq. 

and obta in  the unknown coe f f i c i en t s  
2 ~  2 ~  

ar~ = ~ -  cos rOdO ch [nf (0) cos (), - -  0)1 cos sZd;~ 

0 0 

2~t 2*t 

--_ 2 :t" . ~cs ~ j .  (nit (0))cos r0 cos sOdO. 
0 0 

H e r e  the f a c t o r  cos  (Trs/2) is equa l  to z e r o  when s is  odd. ' r ak ing  this fac t  into ~ceount ,  and  taking note aLso 
of the r e l a t i o n s h i p  be tween  the B e s s e l  func t ions  of r e a l  and i m a g i n a r y  a r g u m e n t s ,  n a m e l y ,  J s ( iz )  = i s i s (z  ) 
(see [3]), we obtain  
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2 ~  

2 S I~ (n[ (0)) cos rO cossOdO ar s Yl 

0 

or  
2 ~  

nS ~ n2k2-2k S a's = a2~-~ k ~ !  [[(O)]2k* ~c~176 (14) 

o 

r = 0 ,  1, 2 . . . .  , s = 0 ,  2, 4, . . . .  

As be fo r e ,  f(0) is the equat ion of the con tour  o f  the cy l inde r  in cy l i nd r i ca l  coord ina te s .  F u r t h e r ,  we have 

b 0 = 1 ,  b r = 0 ,  r = l ,  2 . . . . .  0-5) 

Subst i tut ing Eqs .  (13) into Eq. (12), we r educe  the in t eg ra l  equat ion to an infinite s y s t e m  of l inear  equat ions  in 
the unknowns Cs; fo r  computa t iona l  pu rposes -we  r ep l ace  this infinite s y s t e m  by the finite s y s t e m  

2 m  

Z arsc~ = b .  r = O, 1, 2 . . . . .  m. (16) 
s = O ,  .~, 4 . . . .  

The coef f ic ien ts  Cs obtained f r o m  the s y s t e m  ( 1 6 ) d e t e r m i n e  the unknown function d(?~), which d e t e r m i n e s ,  in 
tu rn ,  through the e x p r e s s i o n  (11), the t e m p e r a t u r e  field inside the cy l inder .  

In the spec i a l  case  of a cy l i nde r  with a c i r c u l a r  con tour  p = R, the method p resen ted  above leads to a 
known solut ion in c losed  fo rm.  We have f(0) = R. We put g,(~) = A and evaluate  the in teg ra l  on the left side of 
Eq. 0-2): 

2Y~ 

A .[ ch [nR cos (L - -  0)1 d)~, 
0 

which,  a f t e r  the subs t i tu t ions  ~ - 0  = t, cos  t = ~, b e c o m e s  

I 

ch (nR~) d~ 
- - 4 A j  ~ V - ~  ~- - 

0 

F r o m  this we find 

2Anl o (nR). 

- - 1  
A= 

2zrl o (nR) 

Subst i tut ing this vatue into Eq. (11), and again eva lua t ing  the same  type of in tegra l ,  

u (9, 0, z) ---- I~ (np) cos nz, 
Io (nR) 

which  is the same  as the solut ion obtained by the method of s epa ra t ing  the va r i ab le s .  

we obtain 

N O T A T I O N  

p, 0, z ,  cy l i nd r i ca l  coord ina te s ;  u(p,  0, z), t e m p e r a t u r e  at  point  (p, e, z); v(X, z), infinite plate t e m p e r a -  
ture ;  k, cont inuous p a r a m e t e r ;  Js(nif(0)), B e s s e l  function of the s - th  o r d e r ;  i =C~-1; ~)=f(0), equat ion for  a cy l inder  
con tour ;  I s (z), B e s s e [  function of the s - th  o r d e r  of imag ina ry  a rgument ;  R, rad ius  of a c i r c u l a r  cy l inder .  
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